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Abstract
In stochastic quantisation, quantum mechanical expectation values are computed as averages over the time history
of a stochastic process described by a Langevin equation. Complex stochastic quantisation, though theoretically not
rigorously established, extends this idea to cases where the action is complex-valued by complexifying the basic degrees
of freedom, all observables and allowing the stochastic process to probe the complexified configuration space. We review
the method for a previously studied one-dimensional toy model, the U(1) one link model. We confirm that complex
Langevin dynamics only works for a certain range of parameters, misestimating observables otherwise. A curious effect
is observed where all moments of the basic stochastic variable are misestimated, although these misestimated moments
may be used to construct, by a Taylor series, other observables that are reproduced correctly. This suggests a subtle
but not completely resolved relationship between the original complex integration measure and the higher-dimensional
probability distribution in the complexified configuration space, generated by the complex Langevin process.
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1. Introduction
In a quantum theory, the central quantities of interest
are the expectation values of various physical observables
{O}, and these may in a Euclidean theory be represented
in terms of path integrals
〈O〉 = 1
Z
∫
d{x}O({x})e−SE({x}), (1)
where {x} is the set of basic degrees of freedom of the
system, SE({x}) is the dimensionless (~ = 1) Euclidean
action and Z =
∫
d{x} e−SE({x}) is the partition func-
tion. One approach to calculating these expectation val-
ues, which is also readily implemented for numerical com-
putation, is stochastic quantisation (see [1] for a review).
A fictitious time dimension θ is introduced with respect
to which the system wanders within the space of possible
configurations {x} in accordance with a Langevin equation
derived from SE . The expectation value 〈O〉 can then be
computed as the average of all values O(x) assumed on a
path x(θ) in the limit as θ →∞.
In the following, we will consider a system with only
one degree of freedom, x. In terms of the drift force Dx =
−∂SE/∂x, and a Gaussian stochastic force η, the Langevin
equation reads explicitly
x˙(θ) = Dx(x(θ)) + η(θ) = − ∂
∂x
S(x)
∣∣∣
x→x(θ)
+ η(θ). (2)
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The probability distribution P (x, θ) corresponding to the
stochastic dynamics obeys the Fokker-Planck equation
∂
∂θ
P (x, θ) =
(
− ∂
∂x
Dx(x) +Dxx
∂2
∂x2
)
P (x, θ). (3)
where Dxx is the diffusion coefficient, equal to one in this
case. The equilibrium probability distribution satisfies
∂P/∂t = 0 and it is straightforward to check that it is
satisfied by P eq(x) = Ce
∫
x dx′Dx(x
′)/Dxx where C is a nor-
malisation constant. Expectation values in the equilibrium
limit which is also the infinite time limit become
〈O〉 = C
∫
dxO(x)e
∫
x dx′Dx(x
′)/Dxx =
1
Z
∫
dxO(x)e−SE
(4)
as desired. This result can be generalised to any number of
degrees of freedom and Euclidean quantum field theories
as long as they have real-valued actions [1].
A problem arises when the action is complex-valued.
Then the factor e−S cannot be interpreted as the equilib-
rium probability distribution of a stochastic process and
the strict mapping of the problem to Langevin dynamics
fails. Such actions, for instance, arise in field theories con-
taining fermions with non-zero chemical potential, for evo-
lution in real time and certain toy models. An appealing
solution to the problem is to separate the real and imag-
inary parts of the action and use the former as the real-
valued probability distribution while including the latter
in the observable of interest. This is known as reweighting,
but in many interesting cases, it results in bad statistics
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of the observable 〈O〉 = 〈OeiSI 〉Re/〈eiSI 〉Re where Re de-
notes expectation values calculated in the theory with only
the real-valued action and SI is the imaginary part of that
action. This phenomenon is a variant of the “sign” prob-
lem.
Complex Langevin dynamics has been proposed to deal
with complex-valued actions [2? , 3, 4]. The idea is to
complexify all observables with the simple substitution
x → x + iy such that O(x) → O(x + iy) and define a
flow in two real dimensions. The previously defined drift
force is also complexified and the new flow in the two di-
mensions x and y is determined by the real and imaginary
parts of this complexified drift force, respectively. Gaus-
sian noise may be added to either or both of the x and y
component flow equations but is usually added only to the
x component.
The very long trajectory that probes the space of pos-
sible configurations traces out some probability distribu-
tion P (x, y), and it is then conjectured that the average of
O(x+ iy) over this distribution matches the path integral
average such that
∫
O(x + iy)P (x, y)
?
=
1
Z
∫
O(x)eSR+iSI = 〈O〉. (5)
Finding P (x, y) by solving the Fokker-Planck equation cor-
responding to this flow is very nontrivial but the numerical
Langevin evolution is straightforward. Equation (5) may
then be conjectured to apply to any observable and in
principle provide for an exact quantisation of the complex-
valued action. This statement implies a very strong rela-
tion between the complex integration measure on the RHS,
and the two-dimensional probability distribution (also an
integration measure) on the LHS. We will return to this
below.
Results are promising. It seems to evade instances of
the sign problem [5, 4, 6, 7] and the procedure correctly
reproduces expectation values of certain theories. How-
ever, there exists no proof of convergence and it is still un-
clear why, and under which circumstances this prescription
works. Very promising result have recently been obtained
by [8, 9].
In the following, we will consider one of the success-
ful applications of complex Langevin dynamics, the U(1)
one link model. In the next section, we will introduce
the model and compute a set of observables, reproducing
known results [10, 11? , 3]. In Section 3, we will then test
the limits of the agreement and point out some observ-
ables which do not converge correctly, except in certain
combinations. We conclude in Section 4.
2. The U(1) one link model and successful complex
Langevin dynamics
The U(1) one link model is defined in terms of a single
degree of freedom x and has the partition function
Z =
1
2π
∫ pi
−pi
dx e−β cos(x)(1 + κ cos(x− iµ))
=
1
2π
∫ −pi
−pi
dx e−Seff (6)
and therefore we have Seff = −β cos(x)− log(1+κ cos(x−
iµ)). The model has three parameters: β, which appears
like an inverse temperature; κ, which appears like a cou-
pling or “hopping” parameter; and µ, which appears like
a chemical potential. The toy model emulates a lattice
gauge theory of a single Abelian link variable eix with a
fermion determinant det(M) = 1 + κ cos(x − iµ) that is
complex-valued due to the presence of a chemical poten-
tial. Expectation values are defined by
〈O〉 = 1
Z
1
2π
∫
dxO(x)e−Seff . (7)
In [3], four observables mimicking the Polyakov loop 〈U〉 =
〈eix〉, the conjugate Polyakov loop 〈U−1〉 = 〈e−ix〉, the
plaquette 〈cos(x)〉 and the density 〈n〉 = ∂ logZ/∂µ were
considered. These observables can be calculated analyt-
ically and a direct comparison made with the numerical
estimates. The phase of the determinant 〈e2iφ〉, an indica-
tor of the severity of the sign problem, was also considered
though we will not discuss it here.
After complexification of the variable x→ x+ iy, and
discretisation of the fictitious time into steps of size ǫ such
that θ = nǫ where n is integer, the Langevin equations
reduce to
xn+1 = xn + ǫKx(xn, yn) +
√
ǫηn, (8)
yn+1 = yn + ǫKy(xn, yn), (9)
with
Kx = − sin(x)
(
β cosh(y) + κ
cosh(y − µ) + κ cos(x)
D(x)
)
,
(10)
and
Ky = −κ sinh(y − µ)cos(x) + κ cosh(y − µ)
D(x)
−β cos(x) sinh(y), (11)
whereD(x) = (1+κ cos(x) cosh(y−µ))2+(κ sin(x) sinh(y−
µ))2. It was here used that Kx = −Re∂Seff/∂x|x→x+iy
andKy = −Im ∂Seff/∂x|x→x+iy. The noise satisfies 〈ηn〉 =
0 and 〈ηnηn′〉 = 2δnn′ (zero mean and variance equal to 2).
From some random initial condition (x0, y0), we can simply
evaluate these equations in steps to produce a trajectory
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in the complex configuration space. The estimate of the
observable then becomes 〈O〉 = 1/N∑Nk=0O(xk + iyk).
In accordance with [3], the observables
〈eix〉 = I1(β) + κI
′
1(β) cosh(µ)− κI1(β)β−1 sinh(µ)
I0(β) + κI1(β) cosh(µ)
,
(12)
〈e−ix〉 = 〈eix〉|µ→−µ, (13)
〈cos(x)〉 = 1
Z
(I1(β) + κI
′
1(β) cosh(µ)), (14)
〈n〉 = 1
Z
κI1(β) sinh(µ), (15)
where Z = I0(β)+κI1(β) cosh(µ) and In are the modified
Bessel functions of the first kind of order n, are also here
found to be estimated correctly using complex Langevin
dynamics for κ = 0.5. The results are shown in Figure 1
for a good range of µ and β, and the agreement is convinc-
ing. In Figure 1d, the plaquette is shown as a function of
the squared chemical potential which when negative corre-
sponds to a real action and makes real Langevin dynamics
possible. We see that the transition about µ = 0 is smooth.
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Figure 1: Estimates of observables vs. µ for parameters
κ = 0.5, β = 1, 2 and 3, ǫ = 5 · 10−5 and for an average of
20 trajectories, each N = 2.5 · 106 time steps long. Here,
the success of complex Langevin dynamics is confirmed.
3. Limitations of complex Langevin dynamics
It was noted in [12] that complex Langevin dynamics
fails to correctly estimate 〈eix〉 as κ is increased from the
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Figure 2: Estimates (dots) of 〈eix〉 vs. µ for different values
of κ compared to their analytical values (full lines). Each
colour corresponds to a different value of κ and β was in
all cases set to 1.
previously studied value of κ = 0.5. The discrepancies
are particularly significant for values of µ in the interval
[0, 2] but convergence is again restored as µ is increased.
The results are shown in Figure 2 and it is suggested in
[12] that it is due to the nonanalyticity of the logarithm
at the origin (x, y) = (0, 0). For small µ and/or large κ,
the Langevin trajectory probes the region near the origin
whereas for large µ and/or small κ it does not. The results
obtained using complex Langevin dynamics are shown in
Figure 2a where there is almost no distinction between dif-
ferent values of κ, and complex Langevin dynamics clearly
fails to reproduce the analytic curves (full lines). In Fig-
ure 2b, we see the same observable obtained using real
Langevin dynamics and reweighting. The agreement is
much better albeit with a larger uncertainty. Conversely,
the argument of [12] suggests that as long as the Langevin
flow is not in the neighbourhood of the origin, complex
Langevin dynamics should work well. As we will see, this
is not necessarily true. Consider the simple moments 〈xn〉.
For n = 1, there exists an analytic expression equal to
〈x〉 = ie
−βκ(−1 + eβI0(β)) sinh(µ)
β(I0(β) + κI1(β) cosh(µ))
(16)
but simple numerical integration schemes may be used to
evaluate higher powers. We computed these using complex
Langevin dynamics (see Figure 3), taking κ = 0.5 for which
we found the correct results of Figure 1.
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Figure 3: Estimates (dots) of the first four moments using
complex Langevin dynamics compared to expected values
obtained by numerical integration (full lines).
Since the functions xn are not periodic but the model
considers only values of x within [−π, π] in the original
expression for 〈O〉, instead, a periodic extension of xn was
considered, just replacing all other intervals [−π+2πm, π+
2πm) where m ∈ Z with the definition of xn in the inter-
val [−π, π). Observables were complexified xn → (x+ iy)n
and averaged over the trajectory in the complex plane de-
fined by complex Langevin dynamics. Expectation values
of even powers are on average real whilst those of odd pow-
ers are imaginary. This follows from considering (x+ iy)n
which has terms ikxn−kyk. There are only even contri-
butions with respect to x because of the symmetry of the
action in x. This means that if n is even, and only even
n−k contribute, then k must be even and hence ik is real.
The results are shown in Figure 3. The discrepancies are
most visible when β = 1. The errors could not be reduced
by increasing the finite run time. The trend seems to be
general. There is an initial small overestimation (underes-
timation when n is even), followed by an underestimation
(overestimation when even) that becomes significant with
an increase in µ but seems to tend to a constant. This
is also observed for higher powers x5, x6 and x7 but it is
conjectured to hold for n. This discrepancy is only present
for complex Langevin dynamics. There is no difficulty es-
timating these powers using real Langevin dynamics with
reweighting. This is clear from Figure 4 where the esti-
mates of 〈x〉 due to complex Langevin dynamics and real
Langevin dynamics with reweighting are compared.
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Figure 5: Estimates (dots) of 〈eix〉 vs. µ for different β as
compared to the exact values (full lines). In (a) the first
three moments were used to form the estimate and in (b)
the first seven moments were used.
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Figure 4: Estimates (dots) of 〈x〉 vs. µ for different β
as compared to the exact values (full lines). In (a) the
estimates were obtained by complex Langevin dynamics
and in (b) by reweighting real Langevin dynamics.
These results could just be accepted and a concession
could be made that complex Langevin dynamics defined on
compact spaces simply fails to properly estimate observ-
ables that are not ab initio periodic and that estimates
of powers 〈xn〉 are useless. However, it is curious that
these misestimates combined can be used to produce a re-
sult that is correct. These misestimated powers may be
used to reconstruct the successful 〈eix〉 by its Taylor series
1 + i〈x〉 − 12 〈x2〉 + . . . and the results are shown in Fig-
ure 5 where 〈eix〉 is reconstructed by including terms up
to third order and seventh order. Though 〈e±ix〉 is esti-
mated correctly using complex Langevin dynamics, 〈e±x〉
is not. In light of the observations that odd powers are, as
a function of µ, initially overestimated and subsequently
underestimated, and vice versa for even powers, it is clear
that 〈e±x〉 should be misestimated. Without the imag-
inary element included in the exponent of 〈e±x〉, over-
estimates may never cancel underestimates. When the
imaginary element is included, 〈i2k+1x2k+1〉 which is real
and initially overestimated may be paired with terms such
as 〈i2kx2k〉 which is also real but initially underestimated
and a correct convergence is possible. This is not so with
〈e±x〉 which segregates initially overestimated and under-
estimated parts into real and imaginary parts, respectively.
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Indeed, the observables 〈e±x〉 are also misetimated using
complex Langevin dynamics. The results of Re 〈ex〉 and
Im 〈ex〉 are both nonvanishing and shown in Figure 6.
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Figure 6: Estimates (dots) of Re 〈ex〉 and Im 〈ex〉 vs. µ for
different β as compared to the expected values obtained
by numerical integration (full lines).
〈ex〉 is related to 〈e−x〉 by an overall sign in the imag-
inary part. Another possible way to have misestimates
cancel one another is by an alternating series in the odd
or even moments such as happens for 〈sin(x)〉 and 〈cos(x)〉.
4. Conclusion
Complex Langevin dynamics is a promising generali-
sation of the well-established stochastic quantisation pro-
cedure to complex-valued actions. But although success-
ful in a number of cases, even for simple one-dimensional
models as the one considered here, we have seen that there
are unsettled issues. Attracting most attention has been
the issue of convergence of the Langevin process in order to
generate the correct probability distribution. As described
in [12], one is the ambiguity of the logarithm in the action
which does not carry over to the equations of motion and
may therefore produce wrong results. There may also be
runaway solutions, or a well-behaved distribution may be
obtained, which is however the wrong one [13].
As we describe here, only certain observables give the
right results on an otherwise unproblematic Langevin tra-
jectory not affected by the logarithmic ambiguity. But
remarkably, even when certain observables evaluate to the
wrong values (in our case the moments xn), they are wrong
in such a way that they combine as a Taylor series into
certain other correctly reproduced observables. This is
reminiscent of distinguishing between gauge invariant and
gauge-noninvariant observables, although we are not con-
vinced that the analogy carries through completely. It
shows that the probability distribution P (x, y) does have
information to correctly reproduce some observables, but
not others, so P (x, y) is not a complete representation of
the complex path integral computation in the same way
that the reweighting method is. In particular, P (x, y)
cannot be reproduced from the complex-valued action by
matching moment by moment. The relationship is more
subtle and still unclear, and we believe it merits further
investigation.
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